Abstract. The author uses the method of differential subordinations to obtain some new criteria for a normalised regular function, in unit disc E = {z : |z| < 1} to be close-to-convex (univalent) in E.
Introduction
Let f and g be regular in the unit disc E = {z : |z| < 1}. We say that f is subordinate to g, written f (z) ≺ g(z) or f ≺ g, if there exists a function w regular in E which satisfies w(0) = 0, |w(z)| < 1 and f (z) = g(w(z)). If g is univalent in E then f ≺ g if and only if f (0) = g(0) and f (E) ⊂ g(E).
Let V denote the class of all functions f regular in the unit disc E, with f (0) = f ′ (0) − 1 = 0. Suppose that the function f is regular in E. The function f , with
, where * denotes the Hadamard product (convolution) of two regular functions in E and n ∈ N 0 = {0, 1, 2,. . . } [9] .
The aim of this paper is to give some sufficient conditions for a function f ∈ V to be close-to-convex in E.
Preliminary Lemmas
For the proof of our results we need the following lemmas.
Lemma 2.1. Let Ω be a set in the complex plane C. Suppose that the function ψ :
More general form of the above lemma may be found in [3, 4] .
Lemma 2.2.([5])
Let h be a convex function in E and u(z) be regular in E with Re(u(z)) > 0. If p is regular in E and p(0) = h(0), then
The following lemma is a special case of Lemma 1 of Ponnusamy [6] and is also due to S. Ponnusamy and V. Karunakaran [8] , proved by them with the aid of Lemma 2.1:
3.. Main Results
Theorem 3.1. Let f ∈ V , n ∈ N 0 and β < 1. If α, λ be complex numbers with Re(α) > 0 and |λ| ≤ Re(α)/|α|, then
This p(z) is regular in E and p(0) = 1. One can easily verify the identity
Differentiating p(z) and using (3.2) we obtain
So by Lemma 2.4 and (3.1), we get
whenever δ < Re(α + αλz). But δ can be chosen as near Re(α) − |αλ| as we please and so by allowing δ → Re(α) − |αλ| from below, we establish our claim.
Theorem 3.2. Let f ∈ V , n ∈ N 0 and β < 1. If α > 0 and λ be complex number such that |λ| ≤ 1, then
Proof. If we let p(z) = e −λz (D n f (z)) ′ and u(z) = α/(1 + λz), then using (3.2), it can be seen that (3.3) is equivalent to
and so by Lemma 2.4 we obtain that
whenever δ < αRe(1/(1 + λz)). Now Theorem 3.2 follows by allowing δ → α/(1 + |λ|), from below. If we set
and
′ then for α > 0 and β = 0, Theorem 3.1 and Theorem 3.2 reduces to
Let α → ∞. Then (3.4) and (3.5) are equivalent to
For g(z) = z, the Theorem 3.4 can be further sharpened in the following form and its proof follows in the similar lines of Theorem 3.4, using Lemma 2.3.
Theorem 3.5. Let f ∈ V, n ∈ N 0 and h be convex function with h(0) = 1. Then for any complex number α with Re(α) ≥ 0 (α = 0)
The result is sharp.
